In this paper investigates the approximate solutions by the Adomian decomposition method and by the undetermined fuzzy coefficients method and the exact solutions by using the Hukuhara differentiability of second-order fuzzy linear initial value problems with constant coefficients. Comparison results of the solutions is given.
Introduction
Fuzzy differential equations are studied by many researhers. Because, fuzzy differential equations forms the mathematical model of real world problems in which uncertainty. Fuzzy differential equations can be solved with several approach. The first approach was Hukuhara differentiability. Gültekin and Altınışık [15] have investigated the existence and uniqueness of solutions of two-point fuzzy boundary value problems for second-order fuzzy differential equations under the approach of Hukuhara differentiability. The fuzzy SturmLiouville equation have been defined under the approach of Hukuhara differentiability by Gültekin Ç itil and Altınışık [16] . Bede [7] has proved that a large class of boundary value problems have not a solution.The second approach was generalized differentiability. Khastan and Nieto [19] have found new solutions for some fuzzy boundary value problems using the generalized differentiability. The third approach generate the fuzzy solution from the crips solution [9] , [10] , [17] , [13] . But, many fuzzy initial and boundary value problems can not be solved exactly. Thus, to find approximate solutions of these problems is important. Some numeric methods such as the fuzzy Euler method, predictor-corrector method, Taylor method, Nyström method are introduced [1] , [2] , [4] , [12] , [18] . Adomian decomposition method was introduced by Adomian [3] . Wang and Guo [22] presented the second-order linear fuzzy differential equation with fuzzy initial conditions by Adomian method using the generalized differentiability. Guo at al. [14] have found the approximate solution of a class of-second-order linear differential equation with fuzzy boundary value conditions by the undetermined fuzzy coefficients method.
In this paper we investigate the approximate solutions by the undetermined fuzzy coefficients and by the Adomian decomposition method and the exact solutions by using the Hukuhara differentiability of second-order fuzzy linear initial value problems with constant coefficients. Thus, we give comparisons of the approximate solutions.
Preliminaries
Definition 2.1. [20] A fuzzy number is a function u : R → [0, 1] satisfying the following properties: u is normal, u is convex fuzzy set, u is upper semi-continuous on R, cl {x ∈ R | u (x) > 0} is compact where cl denotes the closure of a subset.
Let R F denote the space of fuzzy numbers.
The notation, denotes explicitly the α-level set of u. The notation, [u] α = [u α , u α ] denotes explicitly the α-level set of u.We refer to u and u as the lower and upper branches of u, respectively.
The following remark shows when [u α , u α ] is a valid α-level set. 
Definition 2.5. [14, 19, 21] Let u, v ∈ R F .If there exists w ∈ R F such that u = v + w, then w is called the Hukuhara difference of fuzzy numbers u and v,and it is denoted by w = u v.
.We say that f is Hukuhara differentiable at t 0 , if there exists an element f (t 0 ) ∈ R F such that for all h > 0 sufficiently small,
such that g , g are nonnegative and monotonic increasing on
Definition 2.8. [14] The undetermined fuzzy coefficient method is to seek an approximate solution as 
where
α are symmetric triangular fuzzy numbers.
The exact solution by Hukuhara differentiability
From the fuzzy differential equation in (3.1), we have differential equations
by using the Hukuhara differentiability. Then, the lower solution and the upper solution of the fuzzy differential equation in (3.1) are obtained as
Using the boundary conditions, coefficients c 1 (α), c 2 (α), c 1 (α), c 2 (α) are solved as
On the exact and the approximate solutions of second-order fuzzy initial value problems with constant coefficients -63/68
The approximate solution by the undetermined fuzzy coefficients method (UFCM)
An approximate solution with the undetermined fuzzy coefficients method is
where, φ k (t) , k = 0, 1, ..., N are positive basic functions whose all differentiations are positive and the lower solution and upper solution are
respectively. Substituing the equation (3.3) in the fuzzy differential equation (3.1) yields
Using the boundary conditions in (3.1)
are obtained. Taking
.., θ N are solved and the approximate solution is obtained [14] .
The approximate solution by the Adomian decomposition method (ADM) The equation (3.1) is written as
by using the Hukuhara differentiability.In the operator form, the first equation in (3.9) becomes Ly
Operating with L −1 on both sides of the above equation and using the initial conditions we obtain
is obtained. From this,
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are obtained. Then, the lower approximate solution with the Adomian decomposition method of the problem (3.1) becomes
Similarly, upper approximate solution with the Adomian decomposition method of the problem (3.1) becomes
Example 3.1. Consider the fuzzy boundary value problem y (t) = y(t),t > 0, (3.10)
Using the Hukuhara differentiability, the lower exact solution and the upper exact solution of the fuzzy differential equation (3.10 )are obtained as
Using the boundary conditions (3.11),
are obtained. Now, let find the approximate solution with the undetermined fuzzy coefficients method . Let be
Then, the the lower approximate solution and the upper approximate solution are
From the fuzzy differential equation (3.10) becomes
(3.14)
Using (3.14), the boundary conditions (3.11) and taking t = 1 2 ,
Substituing these values in (3.13), the lower approximate solution and the upper approximate solution with the undetermined fuzzy coefficients method are obtained as
The approximate lower and upper solutions with the undetermined fuzzy coefficients method for t = 0.01 are
From the equations (3.12) the exact lower and upper solution for t = 0.01 are
By the Adomian decomposition method, we obtain the solution of (3.10)-(3.11) as
The approximate lower and upper solutions by the Adomian decomposition method for t = 0.01 are
The lower exact solution and the lower approximate solutions by the UFCM by the ADM
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The case of negative constant coefficient
Consider the fuzzy boundary value problem
The exact solution by Hukuhara differentiability From the fuzzy differential equation in (3.15 ), we have differential equations
by using the Hukuhara differentiability and − y 
Using the boundary conditions, the coefficient c 1 (α), c 2 (α), c 3 (α), c 4 (α) are obtained as
The approximate solution by the undetermined fuzzy coefficients method (UFCM)
The undetermined fuzzy coefficients method is to seek an approximate solution as 16) where, φ k (t) , k = 0, 1, ..., N are positive basic functions whose all differentiations are positive and and the lower solution and upper solution are
respectively. Substituting the equation (3.16) in the fuzzy differential equation (3.15) and using − y
Using the boundary conditions in (3.15)
we obtain
Let write the (3.17)-(3.22) as S (t) X (α) = Y (α) , where
From this, θ 0 , θ 1 , ....θ N , θ 0 , θ 1 , ..., θ N are solved and the approximate solution is obtained. 
The approximate solution by the Adomian decomposition method (ADM)
Operating with L −1 on both sides of the above equations and using the initial conditions we obtain
...
... are obtained. Then, the lower approximate solution by the Adomian decomposition method of the problem (3.1) becomes
Similarly, upper approximate solution by the Adomian decomposition method of the problem (3.1) becomes 
Then, using the boundary conditions (3.25), the lower exact solution and the upper exact solution of the fuzzy differential equation (3.24) are obtained as
Let be φ k (t) = t k , k = 0, 1, 2. Then, the the lower approximate solution and the upper approximate solution are
Substituting these equations in (3.24 ) and using the equation
are obtained. Using (3.29), , the boundary conditions (3.25) and taking t = 1 2 , yields
Substituting these values in the equations (3.28), the approximate lower and upper solutions with the undetermined fuzzy coefficients method of (3.24) are obtained as By the Adomian decomposition method, we obtain the approximate solution of (3.24), (3.25) as
The approximate lower and upper solutions with the Adomian decomposition methodfor t = 0.01 are y α (t) = 1.02990066667 + 0.50005008333α,
The lower exact solution and the lower approximate solutions by the UFCM and the ADM The upper exact solution and the upper approximate solutions by the UFCM and the ADM 
Conclusion
In this paper, the exact and the approximate solutions of second-order fuzzy linear initial value problems with positive and negative constant coeffients are investigated. The exact solutions are found by using the Hukuhara differentiability and the approximate solutions are found by using the undetermined fuzzy coefficient method and Adomian decomposition method. Then, the values of the exact solutions and the approximate solutions for each α = 0, 0.1, 0.2, 0, 3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 are computed. Consequently, the errors of the lower and upper approximate solutions by the Adomian method are the less than the errors of the the lower and upper approximate solutions by the undetermined fuzzy coefficient method for the case of positive constant coefficient. But for the case of negative constant coefficient, while the error of the lower approximate solution by the Adomian method are the less than the error of lower approximate solution by the undetermined fuzzy coefficient method, the error of the upper approximate solution by the undetermined fuzzy coefficient method are the less than the error of the upper approximate solution by Adomian method.
